In this article, we give a concise summary of L ∞ -algebras viewed in terms of Chevalley-Eilenberg algebras, Weil algebras and invariant polynomials and their use in defining connections in higher gauge theory. Using this, we discuss the example of the string Lie 2-algebra in both the skeletal and the loop model. In both cases, we show how to arrive at the twisted Weil algebras which were used in [1] to construct a non-abelian self-dual string soliton, see also [2] [3] [4] .
Introduction
Higher gauge theory describes the parallel transport of extended objects [5, 6] and is therefore of central interest to string and M-theory whose fundamental objects are higher dimensional. The parallel transport is described by higher connections taking values in L ∞ -algebras, just as ordinary gauge theory employs connections taking values in Lie algebras. One of the challenges in finding interesting examples of higher gauge theories is to choose the right gauge structure, that is, to choose an appropriate L ∞ -algebra. In [1] , we used a twisted version of the string Lie 2-algebra, which is based on a modified Weil algebra, to construct a non-abelian self-dual string soliton, which is the M-theory analogue of the 't Hooft-Polyakov monopole.
The aim of this article is to explain this twisted Weil algebra for the string Lie 2-algebra and show how one can arrive at the twist. Here, the string Lie 2-algebra appears in two different guises: the skeletal model and the loop model. The twist in the skeletal model already appeared and was derived in [3, 7, 4] . In [1] , this was extended to the loop model. The twisted Weil algebra of the skeletal model also frequently appears in the context of and is closely related to string structures, see [8] [9] [10] . It is, e.g., compatible with the gauge structure of the (1,0)-models introduced in [11] , a fact, which was used in [2] to improve on the model.
We start by giving a concise review of L ∞ -algebras viewed as differential graded commutative algebras, which leads us to discuss the Chevalley-Eilenberg algebra, the Weil algebra and the invariant polynomials associated with an L ∞ -algebra. We discuss morphisms between L ∞ -algebras and, as this is crucial to the calculation of the twists, introduce an explicit definition of 2-morphisms of L ∞ -algebras due to [3] . As examples, we discuss the two models of the string Lie 2-algebra in a little more detail. We then introduce higher gauge theory from morphisms of differential graded commutative algebrasan approach in its full extent due to [3] . Using the example of the string Lie 2-algebra, we briefly comment on the fake flatness condition, which frequently appears in higher gauge theory, and the need to move to twisted Weil algebras to allow for this condition to be relaxed. Lastly, we use the above concepts to derive these modified Weil algebras for both the skeletal and the loop model.
L ∞ -algebras in their various guises
Many of the higher structures arising in string and Mtheory appear in the form of categories and 2-categories. A category C = C 0 C 1 consists out of a collection of objects C 0 and a collection of morphisms C 1 between those objects. Furthermore, these morphisms can be composed associatively and there is an identity morphism associated to each object. In its simplest form [12] , a 2-category is additionally equipped with a collection of 2-morphisms between morphisms, that can be composed in two ways -vertically and horizontally. Both these compositions are associative, have appropriate identity 2-morphisms and behave well with respect to each other, see e.g. [5] for more details.
Here, the important aspect of 2-morphisms is that they allow us to describe categorically equivalent objects, just as homotopies allow to define homotopy equivalent spaces. More precisely, we consider two given objects x and y to be equivalent if there are morphisms f : x → y and g : y → x such that their compositions f • g and g • f are connected to the relevant identity morphisms via a 2-morphism. It is this notion that will play a central role in the later discussion.
In higher gauge theory, the most relevant higher structure is that of an L ∞ -algebra. These can be seen as categorified versions of an ordinary Lie algebra [13] . In their most familiar guise, they consist out of a -graded vector space g = k∈ g k together with a set of totally antisymmetric, multilinear structure maps µ i : ∧ i g → g, i ∈ AE, of degree 2 − i , which satisfy the higher Jacobi relations
for all n ∈ AE and l 1 , . . . , l n ∈ g, where the second sum runs over all (i , j )-unshuffles σ ∈ S i | j , that is, permutations whose image consists of ordered sets of length i and j :
. . , l n ) denotes the graded antisymmetric Koszul sign defined by the graded antisymmetrized products
where any transposition not involving only odd degree elements acquires a minus sign. An n-term L ∞ -algebra is an L ∞ -algebra that is concentrated (i.e. non-trivial only) in degrees −n + 1, . . . , 0. A 1-term L ∞ -algebra then corresponds to an ordinary Lie algebra. For more details and references see also [14] .
An alternative and elegant way of describing L ∞ -algebras and their higher Jacobi relations is given in terms of coalgebras and coderivations, see [15] and also [16] . To see this, consider an n-term L ∞ -algebra g[−1], where we shift the degree of all elements by −1.
This consequently shifts the degree of the maps µ i from 2 − i to 1 and allows to define a degree 1 coderivation
which acts on the graded symmetric coalgebra ∨
by graded symmetric elements l 1 ∨· · ·∨ l n and is equipped with the coproduct
where S i | j again denotes the set of (i , j )-unshuffles and ǫ is now the graded symmetric Koszul sign, which is related to the graded antisymmetric Koszul sign via the equation
A coderivation D is now given by a linear map D : ∨
] which satisfies the co-Leibniz rule 
With D 1 given by µ i as above, the condition D 2 = 0 then exactly corresponds to the higher homotopy relations (1) and, thus, coalgebras yield an equivalent way of describing n-term L ∞ -algebras.
Here, however, we will adopt a third way of describing n-term L ∞ -algebras which arises when dualizing the above concept 1 . The graded symmetric coalgebra ∨
where, in the process of dualizing all gradings acquire a minus sign. The coderivation D then induces a degree 1 differential Q : ∧
, acting on the graded symmetric algebra ∧
• g * [1] . Again, the condition that Q squares to zero is equivalent to the higher Jacobi relations (1) of the original L ∞ -algebra. As an example, consider an ordinary Lie algebra g generated by degree 0 gen-
is spanned by degree 1 generators t α and the differential Q acts according to
where f α βγ are the structure constants of the Lie algebra g.
= 0, which is just the ordinary Jacobi identity.
This readily generalizes to arbitrary n-term L ∞ -algebras and, altogether, yields a differential graded commutative algebra which is also known as the ChevalleyEilenberg algebra
1 Care must be taken in the infinite-dimensional case.
Given a Chevalley-Eilenberg algebra CE(g) we can, furthermore, define the concept of a Weil algebra by adding another shifted copy of g. Explicitly, the Weil algebra W(g) of an n-term L ∞ -algebra g is defined to be
where σ :
is the shift isomorphism that identifies elements of g * [1] with their shifted copies in g * [2] . The requirement that Q W squares to zero consequently implies that
For an ordinary Lie algebra g this modifies the above differential to be given by
where again f α βγ are the structure constants of g and r α is the generator in the shifted space g * [2] .
The Weil algebra W(g) straightforwardly projects onto the Chevalley-Eilenberg algebra CE(g),
which is a sequence that can be extended by the invari- cf. [3] . Here, we will focus on the closed invariant polynomials and consider only horizontal equivalence classes, where two invariant polynomials P 1 and P 2 are horizontally equivalent if we have P 1 − P 2 = Qτ for an element τ ∈ ker(p). For Lie algebras this definition corresponds to the ordinary notion of invariant polynomials and it is these, that, in Chern-Weil theory, are identified with the characteristic classes of the group G integrating g. The horizontal equivalence classes of the invariant polynomials form the algebra of invariant polynomials inv(g) that sits in the sequence
where i is the natural inclusion of inv(g) in W(g). This sequence will feature prominently in the following. An immediate advantage of viewing L ∞ -algebras as differential graded commutative algebras is that it is now clear what a morphism between arbitrary n-term L ∞ -algebras should be, i.e., a morphism between the corresponding differential graded commutative algebras. More precisely, a morphism between Chevalley-Eilenberg algebras CE(g) and CE(g ′ ) is given by a map Φ :
) of degree 0, that preserves the product structure and respects the differential, i.e.
By construction of the Weil algebra, a morphism between Chevalley-Eilenberg algebras also entirely determines a morphism between the corresponding Weil algebras. Given a morphism Φ : CE(g) → CE(g′), defined on generators a ∈ g * [1] as a → Φ(a), we can extend it to a morphismΦ : W(g) → W(g′) using σa → σΦ(a). It is straightforward to check that this still respects the differentials and, thus, is a morphism of Weil algebras.
Having defined L ∞ -algebras and their morphisms, we now need an appropriate notion of 2-morphisms in order to find categorically equivalent L ∞ -algebras. While, in principle, we can identify categorically equivalent L ∞ -algebras by finding a morphism between them that induces an isomorphism on the cohomology of the underlying complex [19] , we are, for our purposes, going to need an explicit form for the relevant 2-morphisms. An explicit definition has been given in [3] , which we will recall here.
Said definition relies on the fact that the Weil algebra W(g) of an n-term L ∞ -algebra is naturally isomorphic to the corresponding free algebra F(g), which is given by
is again the shift isomorphism. To see that this is isomorphic to the Weil algebra consider the morphism
where a denotes the elements in g * [1] and σa the corresponding elements in g * [2] . The compositions
and Φ −1 • Φ yield the identity and it is straightforward to check that the differentials are respected. Using this isomorphism, we can define 2-morphisms for general Chevalley-Eilenberg algebras: given two morphism Φ and Ψ between Chevalley-Eilenberg algebras CE(g) and CE(h) we first define a 2-morphism on the generators of the free algebra F(g) isomorphic to W(g), the Weil algebra corresponding to CE(g). More explicitly, a 2-morphism η between Φ and Ψ, i.e.
is given by a degree −1 map
defined on the generators g * [1]⊕g * [2] of the free algebra
This morphism is extended to the full space F(g) using the for-
where
on the whole of F(g). Additionally, we require that η, when viewed as a morphism out of W(g), vanishes on the generators in the shifted copy inside W(g). More explicitly, when comparing with the isomorphism (14) , this means that η : F(g) → CE(h) defines a map on the generators a and Q W a inside W(g) in such a way that η vanishes on all σa ∈ W(g). In summary, we have a diagram 
while a generic degree −1 map η can be written as
The requirement that η vanishes along g
gether with the formula (17) also defines η on Qt α and Qb a , which we use to calculate
where f ( f ′ ) are the generic structure constants of the 2-
can then be read of from (19) and (21) to translate to
This is precisely the more familiar condition for 2-morphisms as given in [13] , also cf. [3, Appendix A].
Models for the string Lie 2-algebra
The case of interest to this discussion is a 2-term L ∞ -algebra known as the string Lie 2-algebra 2 . For a discussion of reasons why this algebra is of interest we refer to [1, 2] , also cf. [14] . There are different models for the string algebra and here we will focus on two extremes: a skeletal model, that is, a 2-term L ∞ -algebra with vanishing µ 1 , and a strict model, that is, a 2-term L ∞ -algebra with vanishing µ 3 .
The skeletal model of the string algebra, denoted as
together with non-trivial brackets 
2 We will refer to the string Lie 2-algebra in all its incarnations simply as the string algebra.
where f α βγ and f a αβγ are the structure constants corresponding to µ 2 and µ 3 , respectively.
The strict model, on the other hand, is referred to as the loop model of the string algebra, denoted as stringΩ(g), which is a 2-term L ∞ -algebra based on the space
where P 0 g and Ωg are the spaces of based paths and loops in g, respectively. The non-trivial brackets are 
where f ) corresponds to the different parts of the mixed µ 2 in (27) .
In [20] it was shown that these two different models for the string algebra are categorically equivalent and, thus, should be interchangeable.
Higher gauge theory from morphisms
Viewing L ∞ -algebras in terms of differential graded commutative algebras provides another advantage: as the de Rham complex of differential forms also form such an algebra it offers a unifying framework for the ingredients of higher gauge theory and, thus, enables an elegant description of the local data of connections together with corresponding curvatures, Bianchi identities and gauge transformations. This approach is a generalization of ideas by Cartan [21, 22] and Atiyah [23] , partially due to [24] [25] [26] and, to its full extent, due to [3] .
In this framework, a flat connection on an open set U ⊂ Ê n is given locally by a morphism from the Chevalley-Eilenberg algebra of the relevant L ∞ -algebra g to the de Rham complex (Ω
For an ordinary Lie algebra with differential as given in (8) the morphism A acts as
should respect the differentials leads to the equation
which corresponds to A being flat, i.e. to its curvature vanishing.
To allow for more general connections we can replace the Chevalley-Eilenberg algebra CE(g) with its corresponding Weil algebra W(g). As discussed above, by the construction of the Weil algebra, the morphism A induces a morphism F on the shifted copy of g so that a connection is now encoded as
In the case of an ordinary Lie algebra's Weil algebra W(g) with a differential as in (11) 
Thus, we not only incorporate a non-vanishing curvature F but also conveniently encode its Bianchi identity. This procedure readily generalizes to arbitrary n-term L ∞ -algebras. Furthermore, gauge transformations can be encoded in flat homotopies between two such gauge configurations [7] , i.e. in morphisms
where I = 
where the first two lines are as before and the additional equations are the familiar expressions for an infinitesimal gauge transformation with gauge parameter λ. Again, this procedure readily generalizes to higher, arbitrary n-term L ∞ -algebras. Following the ideas in [3] , we can also look at global properties and consider what the usual Ehresmann conditions of a connection imply for the morphisms above.
Given a principal bundle π : P ։ M , let Ω 
The commutativity of this square implies that the composite morphism W(g) → Ω • (P) → Ω
• vert (P), i.e. the connection A along the fibres of P, factors along CE(g) to give a map A vert . Being a morphism out of CE(g), this therefore means that A vert has vanishing curvature. This is, as usual, implied by the first Ehresmann condition as it requires the connection to simply be the Maurer-Cartan form along the fibres, which has a vanishing curvature. As such, the first Ehresmann condition implies the commutativity of the above square.
Second, recall that the second Ehresmann condition implies that the characteristic classes < F > of the principal bundle descend down to global forms on the base manifolds. In terms of the above morphisms, this leads to the commutativity of the square
as it is the invariant polynomials that are identified with the characteristic classes of the bundle. Combining (35) and (36), we have that for a connection A the diagram
commutes. This condition will prove crucial in calculating the twists in the following.
The fake flatness condition
The above formalism yields naive expressions for the curvatures of the connections for arbitrary n-term L ∞ -algebras. For a 2-term L ∞ -algebra, e.g., one finds a twoform curvature F together with a three-form curvature H corresponding to the one-form connection A and a two-form connection B . In higher gauge theory, one frequently encounters the fake flatness condition F = 0, which, e.g., is responsible for rendering higher parallel transport of strings invariant under surface reparameterizations [27] , see also [5, 28, 29] . However, this condition makes it difficult to find interesting examples of higher gauge theory with relevance to string and M-theory. To see this, consider the example of the models of the string algebra outlined in Section 3. In the skeletal model we have potentials A ∈ Ω 1 (U , g) and B ∈ Ω 2 (U , Ê) and are led to the curvatures
where F ∈ Ω 2 (U , g) and H ∈ Ω 3 (U , Ê). Similarly, in the loop model we have potentials A ∈ Ω 1 (U , P 0 g) and B ∈ Ω 2 (U , Ωg ⊕ Ê) with curvatures F ∈ Ω 2 (U , P 0 g) and H ∈ Ω 3 (U , Ωg ⊕ Ê) given by
In [1] , this gauge structure was used to attempt to find a non-abelian analogue of the abelian self-dual string, which is the M-theory analogue of the 't Hooft-Polyakov monopole. In the skeletal case, the condition F = 0 implies that the connection A is pure gauge and can be gauged away. This, however, reduces the three-form curvature to H = dB , which is just the abelian version. Thus, the fake flatness condition prohibits the construction of a non-abelian analogue. Similar arguments in the loop case lead to the same conclusion. For further details we refer to [1] or [14] .
On the other hand, it can be shown that with the above curvatures the fake flatness condition is needed to render the equations gauge covariant and for the descriptions in terms of the two different models to be equivalent, see [1] . This suggests that the naive curvatures above need to be modified and the algebraic structures are not quite the ones needed for interesting constructions. A way to escape this dilemma is to use twisted Weil algebras of the string algebra, which already appear in [3, 7, 4] and have been used in [1] to successfully construct a non-abelian self-dual string. In the following we will discuss a way to arrive at these twists.
Twisted Weil algebras for the string Lie 2-algebra
Before discussing the twisted Weil algebras of the string algebra themselves let us introduce a few more terms to simplify the discussion. An element µ ∈ CE(g) that closes under Q CE is called an L ∞ -algebra cocycle. Given such a cocycle µ and an invariant polynomial P ∈ inv(g) we call an element cs ∈ W(g) that satisfies
a g-transgression element or Chern-Simons element for µ and P. If such a transgression element exists for a given cocycle µ and invariant polynomial P, we say, that µ transgresses to P and P suspends to µ. Note that given this, µ is indeed a cocycle:
where we use the fact that p is a morphism of differential graded algebras and im(i ) ⊂ ker(p). The cohomology class of the cocycle µ is independent of the transgression element cs chosen. Indeed, considering µ ′ = µ + Q CE a for some a ∈ CE(g) we have µ
and Q W (cs+Q W a) = Q W cs = i (P), so that µ ′ transgresses to the same invariant polynomial. Therefore, an invariant polynomial that suspends to a coboundary µ = Q CE a also suspends to 0.
One philosophy in defining higher connections and curvatures is that they should be in a sense a lift of an ordinary connection. It is following this philosophy that will lead us to the twisted Weil algebras of the string algebra. Let us start by focusing on the skeletal model:
there is an obvious projection of string sk (g) down to g, so that one could desire for a string sk (g)-connection to be a lift of a corresponding g-connection. That is, one can ask whether or not the diagram (37) lifts to a string sk (g)-connection, i.e. to CE(string sk (g)) CE(g)
In general, this is not possible. However, we can instead consider the extended algebra string ext sk (g) := string sk (g)
where µ 1 = id is the only additional structure map. This extended algebra, as can be quickly seen from cohomology, is categorically equivalent to g and thus comes with an equivalence Φ : CE(string ext sk (g)) ∼ −→ CE(g), which we can employ to extend our diagram to
.
That is, while there may not be a lift to a string sk (g)-connection, we do, at least in principle, always get a string ext sk (g)-connection. Furthermore, as CE(string ext sk (g)) projects down to CE(string sk (g)), this also conveniently measures the failure to lift this to a string sk (g)-connection object. That is, the obstruction is measured by the nontriviality of the component of A • Φ on the extra generator in the additional Ê, which needs to vanish in order for the lift to exist.
However, there is a subtlety here, that is crucial: the partial diagram
does not commute and the string ext sk (g)-connection is therefore not yet well-defined.
In order to see this, let us discuss the involved concepts and morphisms in more detail. Let the additional coordinates of degree 3 and 4 in W(string sk (g)) be denoted by c µ and g µ , respectively, and let the differential in (25) be modified to
where f a µ is the identity.
Consider first the invariant polynomials of string sk (g) itself -they agree with the ones of g with one exception.
We have that µ a = − . A quick calculation shows that this leads to the invariant polynomial
Thus, inv(string sk ) consists of the invariant polynomials in inv(g) barring P
For inv(string ext sk (g)) this situation changes as we introduce an additional generator c µ which comes with the additional invariant polynomial g µ , as Qg µ = 0. We then
so that, as −h a +κ a αβ t α ∧r β is in ker(p), now P a no longer is horizontally equivalent to 0 but rather to the new invariant polynomial g µ . As such, this restores the missing invariant polynomial and inv(string ext sk (g)) is isomorphic to inv(g).
Keeping this in mind, we turn to the explicit form of the equivalences between g and string ext sk (g). The relevant morphisms are given by
where we label the coordinates in W(g) as t ′α and r ′α .
It can be checked that Φ and Ψ respect the differentials and, hence, are indeed morphisms of Weil algebras. Furthermore, Φ • Ψ yields the identity and Ψ • Φ can be con-nected to the identity via the 2-morphism
This is indeed a 2-morphism as outlined above and, thus, W(string ext sk (g)) is equivalent to W(g).
We are now in a position to see how the diagram (45) fails to commute: on the one hand, the invariant polynomial g µ in inv(string 
Furthermore, the invariant polynomials in inv( string sk (g)) remain unaffected and, again, are isomorphic to those in inv(g). Additionally, the Weil algebra W( string sk (g)) is still equivalent to both W(g) and W(string ext sk (g)). Explicitly, the equivalences Φ and Ψ are modified to be
Together with the 2-morphism in (51) these again establish the equivalence between W(g) and W( string sk (g)).
As g µ is now mapped to the invariant polynomial P a , this twisted algebra now allows for the diagram
to be commutative and, therefore, for the lifted connection to be well-defined. In summary, we have replaced the string algebra string sk (g) with the algebra string sk (g), which corresponds to a twisted Weil algebra, as this allows for a consis- 
in addition to which we have the maps in (24) and the Killing form
The curvatures are modified to be 
with their Bianchi identities given by dF = −µ 2 (A, F ) , dG = 0 , dH = −κ(F , F ) + µ 1 (G ) .
The loop model stringΩ(g) allows for an analogous discussion. We first extend by adding an additional copy of Ê to arrive at string ext Ω (g) := stringΩ(g)
where µ 1 = id is again the only additional structure map. Again, looking at the equivalences explicitly leads us to modify the differential to allow the analogous diagram to commute. In terms of the multi-bracket viewpoint, the role of the cocycle µ 3 
The modified algebras string sk (g) and stringΩ(g) are again categorically equivalent with the equivalence exhibited by the same maps as in [20] . In [1] , it was shown that with these twisted versions the fake flatness condition is lifted and one can indeed construct a non-abelian self-dual string. This suggest that the twisted Weil algebras provide interesting gauge structures with relevance to string-and M-theory. The above procedure also applies to larger algebras: the gauge structure that was used in [2] to construct a six-dimensional superconformal model is a larger version of the string algebras discussed here. Finding appropriate twisted curvatures for this enlarged gauge structure would lead to interesting modifications of the model in [2] , which will be addressed in a future publication.
